Abstract. Given a collection of trees on n leaves with identical leaf set, the Mast, resp. Mct, problem consists in finding a largest subset of leaves such that all input trees restricted to these leaves are isomorphic, resp. have a common refinement. For Mast, resp. Mct, on k rooted trees, we give an O(min{3 p kn, 2.27 p + kn 3 }) exact algorithm, where p is the smallest number of leaves to remove from input trees in order for these trees to be isomorphic, resp. to admit a common refinement. This improves on [14] for Mast and proves fixed-parameter tractability for Mct. We also give an approximation algorithm for (the complement of) Mast similar to the one in [2], but with a better ratio and running time, and extend it to Mct. We generalize Mast and Mct to the case of supertrees where input trees can have non-identical leaf sets. For the resulting problems, Smast and Smct, we give an O(N + n) time algorithm for the special case of two input trees (N is the time bound for solving Mast, resp. Mct, on two O(n)-leaf trees). Last, we show that Smast and Smct parameterized in p are W[2]-hard and cannot be approximated in polynomial time within a constant factor unless P = NP, even when the input trees are rooted triples. We also extend the above results to the case of unrooted input trees.
Introduction
Given a set of leaf-labelled trees with identical leaf sets, the maximum agreement subtree problem (Mast) consists in finding a subtree homeomorphically included in all input trees and with the largest number of leaves [33, 15, 2, 19, 26, 12] . This pattern matching problem on trees arises in various areas, among which the reconstruction of evolutionary trees (or phylogenies) whose leaves represent living species and internal nodes represent ancestral species. The shape of the tree describes the speciation pattern from which current species originated. 
Motivation for extending the MAST and MCT problems to supertrees.
A recent problem in phylogenetics is to infer trees from a collection of input trees on overlapping, but different, sets of leaves. Each input tree is built from a separate data set which does not include all studied species for various reasons. These trees are then given as input to a method that proposes a tree, called a supertree, i.e., a tree including all (or most) species according to their relative positions in the input trees. For various reasons, the input trees can disagree on the position of several species. Depending on the way they handle such conflicts, supertree methods can be divided into two main categories [34] : (i) optimization methods which tend to resolve conflicts according to a specified optimization criterion [3, 30, 32, 28, 11] ; (ii) consensus methods which output a supertree displaying only parts of the species' history on which the input trees agree. The drawback of approach (i) is that output supertrees sometimes contain undesirable or unjustified resolutions of conflicts [29, 31, 6, 36, 28] .Approach (ii) has been less investigated in the context of supertrees, the two proposed methods being the strict consensus [18] , sometimes criticized because of the poor amount of information of the produced supertree [36, 7] , and the reduced consensus [34] , which usually proposes a set of complementary supertrees as output (see [34, Sect. 4] ). Both these methods focus on the clusters (sets of leaves under internal nodes). Several authors remarked that an alternative would be to focus on leaves themselves, because in many cases removing a few species on the position of which the input trees disagree, could enable to produce a single informative supertree [18, 36, 7] . Here we follow this proposition by extending the Mast problem to the case of input trees on overlapping sets of leaves. We call Smast the resulting problem concerned with the inference of a supertree. We also extend a variant of Mast called maximum compatible tree (Mct) which is of interest when input trees are non-binary [21, 23, 16] , to obtain the Smct problem. Mct and Smct allow multifurcating nodes (high degree nodes) of input trees to be resolved (split into several nodes) according to other input trees.
Apart from inferring an estimate of the species' history, Smast and Smct can play the same role as Mast in the context of supertrees, i.e., measuring the similarity of input trees or identifying species that could be implied in horizontal transfers of genes. Moreover, the supertree they produce most likely contains leaves from most input trees (see Lem. 5) and, by definition, agrees topologically with all of them. It is thus a good candidate to strengthen the results of the popular matrix representation with parsimony (MRP) method [3, 30] . E.g., [8] explicitly recommended to use such a seed tree (i.e., a tree with leaves spanning most input trees) to improve the relatively low accuracy observed for MRP when the input trees overlap moderately.
Note that [19] designed a variant of Mast that builds a tree they call a "supertree", but with a different meaning from that considered in phylogenetics and here.
Previous work on MAST and MCT. Mast is NP-hard on only three rooted trees of unbounded degree [2] , and Mct on two rooted trees of unbounded degree [23] . Efficient polynomial time algorithms have been recently proposed for Mast
